We provide a detailed analysis of gray spatial optical solitons in biased photorefractive media. The properties associated with these solitons, such as their transverse velocity, spatial width, and phase profile, are obtained as functions of their normalized intensity and degree of ''grayness.'' By employing the stability criterion based on the renormalized field momentum, we investigate the stability regions of gray spatial photorefractive solitons. The process of the soliton Y splitting arising from an initially even field depression is quasi-analytically described by use of a Hamiltonian formalism.
INTRODUCTION
During the past decade or so, dark optical solitons-both temporal and spatial-have been the focus of considerable attention. 1 In the spatiotemporal domain, dark optical solitons were first observed in low-loss optical fibers with normal dispersion. 2, 3 Subsequently, dark spatial optical solitons were experimentally demonstrated in selfdefocusing nonlinear media. [4] [5] [6] [7] [8] In this latter case a dark soliton or dark-soliton stripe (a dark notch or a void in intensity) forms when the effect of diffraction is exactly balanced by the self-defocusing nonlinearity of an optical medium. Thus far several physical systems have been identified as capable of supporting dark spatial solitons. These include Kerr media such as liquids, gases, and semiconductors as well as photorefractive crystals. [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] The case of photorefractive solitons is of particular interest, since a photorefractive crystal does not resemble a Kerr material. In fact, photorefractive media are typically anisotropic, and their nonlinearity is nonlocal. Yet, as has been suggested theoretically, both bright and dark spatial solitons are possible in either biased photorefractives [15] [16] [17] [18] or in crystals with appreciable photovoltaic coefficients. [19] [20] [21] The existence of steady-state photorefractive spatial solitons was successfully demonstrated in a series of experimental studies. 22 In particular, dark spatial solitons in the form of dark stripes or vortices have been observed in reverse-biased strontium barium niobate photorefractive crystals and photovoltaic lithium niobate samples. [9] [10] [11] [12] [13] [14] In all of these cases, the observation of dark solitons was possible at relatively low power levels. Moreover, it was shown that their soliton-induced waveguides are capable of guiding other, more powerful beams at less-photosensitive wavelengths. 23 One of the most interesting features of a dark-soliton beam is its ability to display a splitting behavior during propagation. 12, [24] [25] [26] [27] Depending on its input amplitudephase profile, a dark beam can split into a sequence of dark or gray solitons. For example, under appropriate initial conditions, a dark beam can generate an odd number of dark depressions, provided its phase has a phase jump at the input (odd phase profile), [28] [29] [30] or it may exhibit a more complicated splitting behavior in a general case. 31 When the phase jump is exactly , the beam at the center forms a dark (black) soliton, whereas the remaining depressions represent pairs of gray solitons traveling in opposite directions. If, on the other hand, the input phase is constant across the dark beam (even phase profile), an even number of gray solitons emerge. [27] [28] [29] In this latter case pairs of gray solitons are generated and travel in opposite transverse directions so as to conserve the overall linear momentum of the system. This soliton Y splitting process, which is unique to dark-soliton beams, has been successfully used to write permanent Y-junction waveguide structures (3 dB splitters) in the bulk of a photorefractive crystal. 32, 33 Such Y junctions can then be employed to guide signal (or probe) beams at less-photosensitive wavelengths (ϳ1.5 m) and can be permanently impressed or fixed into the crystalline lattice. Clearly, an investigation of the properties of these soliton-induced Y-junction photorefractive waveguides requires an in-depth understanding of the underlying soliton splitting dynamics. It is important to emphasize that, even though gray solitons were previously considered within the context of saturable Kerr nonlinearities, 4 the case of gray photorefractive solitons is by nature more complicated and so far has remained unexplored. To be more specific, dark beams in biased photorefractive crystals are governed by a nonlinear Schrödinger equation of the saturable type, which directly involves the boundary conditions of the space-charge field through the so-called (1 ϩ ) factor. [16] [17] [18] This, in turn, has important implications for the properties or characteristics of these photorefractive gray-soliton states. In this paper we provide a detailed analysis of gray spatial optical solitons in biased photorefractive media. The properties of these graysoliton states, such as their transverse velocity, spatial width, and phase profile, are obtained as functions of their normalized intensity and their degree of grayness. In a certain range of the soliton parameters we find that the soliton total phase shift exceeds , i.e., they become ''darker than black.'' 34 Moreover, by employing the stability criterion based on the renormalized momentum, 35, 36 we investigate the stability properties of gray photorefractive solitons. The Y soliton splitting arising from an initially even field depression is also semianalytically described by use of a Hamiltonian formalism and the associated conserved quantities. This, in turn, allows one to predict the Y-splitting angle and the grayness of the generated soliton pair once the parameters of the even field depression have been specified.
PROBLEM FORMULATION: DEFINITIONS
We start our analysis by considering a planar (stripe) optical beam propagating in a photorefractive material along the z axis. Being planar, the beam is allowed to diffract only along the x direction. Without any loss of generality, let us assume that the photorefractive crystal considered here is strontium barium niobate (SBN), with its optical c axis oriented along the x coordinate. The optical beam is linearly polarized along x, and the external bias field is applied in the same direction. Under these conditions it can be directly shown that the slowly varying envelope of the optical beam obeys the following evolution equation [16] [17] [18] :
where E sc is the space charge field induced in this photorefractive material, which under steady-state conditions is given by
Here n e is the unperturbed extraordinary index of refraction, k 0 ϭ 2/ 0 , k ϭ k 0 n e , and r 33 is the electro-optic coefficient involved. Other quantities are I ϭ I(x, z), the power density of the optical beam; I d , the dark irradiance of the crystal; and I ϱ , the intensity of the wave away from the dark notch of the wave, i.e., I ϱ ϭ I(x → Ϯϱ). E 0 is the value of the space charge field at x → Ϯϱ. 
where ϭ I ϱ /I d is the so-called intensity ratio of the dark beam at x → Ϯϱ with respect to I d and and s are dimensionless coordinates. The envelope U has been scaled with respect to the dark irradiance with 0 representing the free-space intrinsic impedance. It is important to note that in the case of dark beams the boundary conditions of the space-charge field are directly involved in the evolution equation through the (1 ϩ ) factor. In essence, the strength of the nonlinearity increases linearly with the dark intensity ratio . In deriving Eq. (3) we have also implicitly assumed that E 0 is negative so that dark solitons can be supported through the induced self-defocusing nonlinearity. Equation (3) can be further renormalized 1 by use of the following gauge transformation U ϭ ⌿exp(i), in which case it takes the form:
Note that in Eq. (4) the nonlinear term goes to zero at s → Ϯϱ for optical beams of the dark type, since ͉⌿͉ 2 → for s → Ϯϱ. It is straightforward to show that Eq. (4) can also be obtained from the following Lagrangian density:
where ⌿* is the complex conjugate of ⌿, ⌿ ϭ ‫,ץ/‪⌿‬ץ‬ etc. Similarly, this system can be described within a Hamil-tonian formalism. In this case, Eqs. (3) and (4) can be derived from the Hamiltonian density:
where in Eq. (6) 
where N is related to the complementary power conveyed by the optical beam, P is the so-called renormalized momentum of the system, and H is the renormalized Hamiltonian. All three quantities, N, P, and H are finite because of this renormalization procedure, and, of course, they remain invariant during beam propagation. In what follows, the gray soliton solutions of Eq. (3) will be obtained.
PROPERTIES OF GRAY PHOTOREFRACTIVE SOLITONS
Before considering the gray-soliton solution of Eq. (3), it is useful to point out its Galilean invariance. In other words, one can show that after introduction of the transformation
in Eq. (3) and the moving coordinates ϭ s Ϫ v,
Equation (11) is true provided that the gauge parameters ␣ and satisfy the conditions ␣ ϭ v and ϭ v 2 /2. In this new moving-coordinate system v plays the role of a normalized transverse soliton velocity. Because of this one-to-one correspondence, any solution of Eq. (11) automatically satisfies Eq. (3) and vice versa. It can be directly shown that the gray-soliton solutions of Eq. (11) are given by 17 A ϭ (12) where J is a constant, y() is a normalized function (͉ y()͉ р 1), and ⌽ 0 is an arbitrary phase. By imposing the condition J ϭ v, the solution for the U envelope now reads as
The condition J ϭ v was intentionally employed so as the phase of this gray spatial soliton is constant when or s → Ϯϱ, which is consistent with the excitation conditions right at the origin. The quantity ( ϩ v 2 /2) in Eq. (13) represents a nonlinear shift in the propagation constant. By substituting Eq. (13) into Eq. (3) we find that the normalized field profile y() satisfies the following ordinary differential equation:
We now look for gray-soliton solutions by imposing the boundary conditions, y(0) ϭ ͱm and y() ϭ 1 at ϭ Ϯϱ. The m parameter (0 Ͻ m Ͻ 1) describes the soliton grayness, i.e., the intensity at the middle of the wave defined as I(0) ϭ mI ϱ . Equation (14) can be easily integrated once (by quadrature), leading to
where yЈ ϭ dy/d and C is an integration constant. By applying the boundary conditions at → Ϯϱ and at ϭ 0, one can determine the parameters , v, and C.
With the conditions y ϭ 1 and yЈ ϭ yЉ ϭ 0 at → Ϯϱ, and y 2 (0) ϭ m, yЈ(0) ϭ 0, we get
from which the parameter can be determined, i.e.,
Thus, given the grayness m of this gray spatial soliton as well as its maximum intensity ratio , one can then uniquely determine the parameter from Eq. (19) and, in turn, its transverse velocity v from Eq. (18) and C from either Eqs. (16) or (17) . From here one can obtain the normalized field profile y() by numerically integrating Eq. (15) . Figure 1(a) shows the normalized intensity of a gray photorefractive spatial optical soliton as a function of s for different values of the grayness parameter m when ϭ 40. The associated soliton phase profiles are given in Fig. 1(b) for the same range of parameters. It is obvious from Fig. 1(a) that for a given intensity ratio the spatial soliton becomes narrower as m decreases (i.e., as the soliton becomes darker).
The normalized transverse velocity v is depicted in Fig.  2 as a function of for various values of the grayness parameter m. As one can see, the normalized velocity v is bounded between 0 and 1. One can easily show from Eq. (19) that as → 0, → 1, and thus v → 0. On the other hand, the same equation indicates that as → ϱ and m → 1, the parameter approaches 1/2, and therefore v → 1. Moreover, the normalized velocity quickly increases in the neighborhood of Ϸ 0 and becomes almost constant at higher values of ( տ 40). It is also interesting to note from Eqs. (18) and (19) that the soliton transverse velocity is approaching zero as m → 0. This should have been anticipated, since this case corresponds to the fundamental dark (black) spatial soliton, the velocity of which is zero.
The normalized FWHM of the gray-soliton beam ⌬ is shown in Fig. 3 , where ⌬ is defined as the spatial FWHM between the background and the lowest value of the intensity, i.e., the points where y 2 () ϭ (1 ϩ m)/2. Figure  3 clearly indicates that the beam width generally decreases with the normalized intensity ratio . At very low values of (i.e., in the Kerr limit), ⌬ decreases very rapidly, whereas it saturates for տ 40. This saturation is predominantly due to the fact that the evolution equation itself involves the space-charge-field boundary conditions through the (1 ϩ ) factor. In fact, had this effect not been present, the FWHM curves would have behaved similarly to those of bright photorefractive solitons. [16] [17] [18] The beam width also increases with the degree of grayness m.
As noted above, the antisymmetric (with respect to ) phase profile of a gray photorefractive soliton is shown in Fig. 1(b) . Of interest is the soliton total phase jump, i.e., the phase difference between the two infinite tails of the localized structure, shown in Fig. 4 for various values of ,m. As follows from this figure, this phase difference saturates at high values of . Note that the phase jump exceeds for relatively low degrees of grayness (when the soliton is close to being black). In essence, in this regime (m Շ 0.2) these gray spatial solitons can be called ''darker than black,'' and similar results were previously found in the case of gray solitons in other saturable Kerr media. 34 The angle at which a spatial dark soliton propagates with respect to the z axis is related to its transverse velocity v and in radians is given by m. The angle of propagation is calculated to be 3.24 mrad, and after 1 cm of propagation the gray notch of the beam should be displaced by 32.4 m. These analytical results are in agreement with numerical simulations, shown in Fig. 5(a) , carried out by a beam propagation method. Figure 5 (b) depicts the phase profile at each distance, where for demonstration we removed the phase term introduced by ( ϩ v 2 /2).
SOLITON Y-SPLITTING PROCESS
As previously discussed, under reverse bias, the soliton Y-splitting process can occur from an even field depression of a constant phase. Under appropriate initial conditions, such depressions split into two symmetric gray solitons, which propagate in opposite directions. In fact this Y splitting has been observed experimentally. 25, 27 In what follows, we provide an approximate method that can semianalytically predict the properties and characteristics of the two gray photorefractive solitons generated during this Y-splitting soliton process. Our approach is based on the total Hamiltonian H of the dynamical system defined by Eq. (9), which, as we know, remains invariant during propagation. If we now assume that the input is such that it eventually generates only two gray solitons (with very little radiation, if any), then the input Hamiltonian energy of the system will be equally divided between these two symmetric states. The reason we choose the Hamiltonian over the other two conserved quantities P, N is because the evolution equation itself [i.e., Eq. (3) 
where y(s) is the static field profile as obtained from Eq. (14) . As a result, the Hamiltonian H s is expected to de- Given an initially even field depression, one can obtain the total Hamiltonian H i right at the input through Eq. (9) . Since this Hamiltonian (or energy) of the system is conserved during evolution and is expected to be equally divided between the two gray photorefractive solitons, one can then determine the Hamiltonian of each component through H s ϭ H i /2. Given the intensity ratio involved in this photorefractive interaction, and since we now know H s , the grayness m of each gray soliton can in turn be determined from Fig. 6 . From here the normalized velocity v and the spatial FWHM ⌬ can then be estimated with the help of Figs. 2 and 3 , respectively. Finally, the actual Y-splitting angle can then be computed in radians through Eq. (20) . Thus, given the initial field depression, all the relevant parameters involved in this Y-junction splitting process can be determined semianalytically from Figs. 2, 3, and 6 . Conversely, one can solve the problem backwards. In other words, given the output data (the two gray solitons), one can determine the input depression and applied voltage required to lead to this interaction.
In the examples to follow, we consider even field depressions that are described by the analytical form
, where x 0 is the spatial FWHM of the input, ⑀ is associated with its grayness, and is again the background intensity ratio. In all our examples, ⑀ ϭ 0.99; that is, the input depression is almost black.
As a first example, let us consider soliton Y splitting in a SBN photorefractive crystal. The characteristics of the crystal are the same as those given in Section 3. Again 0 ϭ 488 nm and the applied voltage is Ϫ200 V. The parameters of the even field depression at the input are ϭ 40 and x 0 ϭ 18 m. From these input data and Eq. (9) one finds that at z ϭ 0 the normalized input Hamiltonian associated with the system is H i / Ϸ 4.054. Since the intensity ratio remains unchanged during propagation, the two gray solitons should also have ϭ 40.
Furthermore, by assuming that the input ''energy'' is equally divided between the two components, the value of the Hamiltonian of each gray soliton is H s / ϭ H i /2 Ϸ 2.027. From Figs. 2, 3 , and 6 one finds that the soliton grayness m ϭ 0.11, the normalized velocity v ϭ 0.57, and the actual intensity FWHM is 9.2 m. From Eq. (20) the splitting angle is then found to be ϭ 3.3 mrad. We now check the accuracy of these semianalytical results by numerically solving Eq. (3) under the same initial conditions. Figure 7(a) shows the optical intensity during this Y-splitting process over a distance of 2.5 cm in this SBN crystal. The associated phase profile of these two gray solitons is also shown in Fig. 7(b) . From these simulations we find that the intensity FWHM of each gray soliton is 9.3 m, m is 0.12, and the splitting angle is asymptotically Ϸ 3.3 mrad. These results are in excellent agreement with the predictions of our semianalytical approach.
As a second example, let us consider the same problem (the parameters of the problem are identical to those in the first example), but now the intensity FWHM of the in- put depression is 14 m. In this case H i / ϭ 3.34. Following the same procedure as before, one finds that H s / ϭ H i /2 Ϸ 1.67 and hence m ϭ 0.22, v ϭ 0.7, and ϭ 4.1 mrad. The actual spatial FWHM of the two gray solitons is also found to be 11.1 m. Figures 7(c) and 7(d) show the intensity and the phase profile, respectively, of this interaction as obtained from numerical simulations. From these numerical results we obtain m ϭ 0.25 and ϭ 4.3 mrad, and the intensity FWHM of these states is 12 m. Note that in this second example the error between the numerical and the semianalytical approaches has somewhat increased. The reason for such a discrepancy is related to the presence of radiative dispersive waves generated during the soliton splitting, as is clearly seen in Fig. 7(c) . As a result, some part of the input Hamiltonian goes into these radiation components, and thus the condition H s ϭ H i /2 is not exactly observed.
STABILITY OF GRAY PHOTOREFRACTIVE SOLITONS
It has been analytically and numerically demonstrated that dark or gray solitons described by the generalized nonlinear Schrödinger equations can be unstable 1, 35, 36 even though the nonlinearity is of the defocusing type. In these studies the criterion for dark soliton stability was found in terms of the derivative dP/dv, where P is the renormalized soliton momentum defined in Eq. (8) and v is the soliton normalized transverse velocity. More specifically, it was shown that when dP/dv Ͻ 0 a gray soliton is stable, whereas in the opposite case it is unstable. 1, 35, 36 In this section, we will employ this analytical criterion to determine whether gray photorefractive screening solitons are stable.
By substituting Eq. (13) into Eq. (8), one can find the renormalized momentum P s for a gray photorefractive soliton:
It is evident from Eq. (22) 35, 36 It is interesting to note that in the regime examined (0.01 Շ Շ 1000) the grayness parameter m of these unstable solutions happens to be rather small, i.e., they are almost black. For example, when ϭ 40 and v ϭ 0.14, m ϭ 3.8 ϫ 10
Ϫ3 . On the other hand, when ϭ 100 and v ϭ 0.22, the grayness is m ϭ 8 ϫ 10 Ϫ3 . Starting from Eq. (8), it is also straightforward to show that in the region v → 0 (which corresponds to black solitons) the curves P s / → for all values of the saturation parameter .
This instability of gray photorefractive solitons is rather surprising, especially if one considers the (1 ϩ ) factor in Eq. (3), which tends to enhance the available nonlinearity in the system.
CONCLUSIONS
We have provided a comprehensive theoretical study of gray spatial optical solitons in biased photorefractive crystals. The properties of these gray solitons, such as their transverse velocity, spatial width, and phase profile, have been obtained as functions of their normalized intensity and degree of grayness. In a certain range of parameters, we have found that their total phase shift exceeds , i.e., they become ''darker than black'' solitons. Moreover, by employing the soliton stability criterion based on the renormalized momentum, we have found that these gray photorefractive spatial solitons can be unstable for տ 40. The soliton Y-splitting process arising from an initially even field depression has been also semianalytically described by means of a Hamiltonian technique. 
APPENDIX A
The approximation E 0 ϭ V/W used in our analysis holds when the crystal width W is much larger than the soliton intensity FWHM. The correction factor f associated with this expression can be found for gray spatial solitons by a method similar to that used in Refs. 16 and 17 . In this case we write V ϭ W͉E 0 ͉ ϩ f(͉E 0 ͉) 1/2 , from which one finds that . This is the case in the example depicted in Fig. 9 .
